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Abstract. In this paper we prove an analogue of the McKay correspondence 
for Landau-Ginzburg models. Our proof is based on the ideas introduced by 
T. Bridgeland, A. King and M. Reid, which reformulate and generalize the 
McKay correspondence in the language of derived categories, along with the 
techniques introduced by J.-C. Chen. 



1. Introduction 

The goal of this paper is to describe an analogue of the McKay correspondence 
for Landau-Ginzburg models. Before going into details, it is useful to review 
some aspects of the McKay correspondence that are relevant for our considera- 
tions. 

In its original form, the McKay correspondence was observed as a nice relation 
between the irreducible representations of a finite subgroup G of SL(2, C) on the 
one hand, and the geometry of the exceptional divisor in a minimal resolution 
of /G on the other hand (cf ll24l '). The first hint of a McKay correspondence 
in higher dimensions came from the work of L. Dixon, J. Harvey, C. Vafa and 
E. Witten. It was conjectured in [llj that for a finite subgroup G C SL(ri,C) 
acting on C", the Euler characteristic of a crepant resolution Y of the quotient 
space C"/G equals the number of conjugacy classes, or equivalently the number 
of equivalence classes of irreducible representations of G. If n = 2, the equal- 
ity can be viewed as a version of the McKay correspondence. As a result, this 
formula may be regarded as a generalization of the McKay correspondence to an 
arbitrary dimension n. The McKay correspondence became recently a subject of 
intense study in both physics and mathematics. However, the term is now primar- 
ily used to indicate a relationship between the various invariants of the actions 
of finite automorphism groups on quasiprojective varieties and resolutions of the 
corresponding quotients by such actions. 

The guiding principle behind the McKay correspondence was stated by M. 
Reid along the following lines: 

Principle 1.1. Let M be an algebraic variety, G a group of automorphisms of M, 
and Y a crepant resolution of singularities of X = M/G. Then the answer to 
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any well posed question about the geometry of Y is the G-equivariant geometry 
of M. 

Applied to the case of quotient singularities X = C^/G arising from a finite 
subgroup G C SL(n, C), the content of this slogan is that the G-equivariant 
geometry of M = already knows about the crepant resolution Y. In particular, 
any two crepant resolutions of X should have equivalent geometries. 

Reid suggested that one manifestation of Principle 11.11 should be a derived 
equivalence D(F) = D'^(Af), where D(F) is the bounded derived category 
of coherent sheaves on Y and D'^(M) is the bounded derived category of G- 
equivariant coherent sheaves on M. This has been worked out by Kapranov and 
Vasserot [fT8l in dimension n = 2 and generalized to higher dimensions including 
all cases of finite subgroups of SL(3, C) by Bridgeland, King and Reid [5]. In the 
latter case the quotient singularity X = C^/G always has a crepant resolution, a 
distinguished choice being given by the Hilbert scheme of G-orbits G-Hilb(Af ). 
This scheme is perhaps best thought of as a moduli space of representations of 
the skew group algebra A = C[x,y, z]* G that are stable with respect to a certain 
choice of stability condition. Indeed, this is closely related to the physicist's 
understanding of D-branes as objects in the derived category. 

In string theory, space-time X is represented by a two-dimensional quantum 
field theory with N = 2 supersymmetry. A quite important class of such theories 
are nonlinear sigma models on a Kahler manifold X. In this case, E. Witten 
explained how to manufacture two dimensional topological field theories. He 
showed that any nonlinear sigma model with a Kahler target space X admits a 
topologically twisted version called the A-model; if X is a Calabi-Yau manifold, 
there is another topologically twisted theory, the B-model. A similar construction 
exists in the equivariant setting. Given an action of a finite group G on a space 
X satisfying certain properties, one can construct a two-dimensional topological 
field theory which represents the G-equivariant physics of X. To be more precise, 
one associates a G-gauged sigma model to a presentation of the quotient stack 
[X/G]: the gauged sigma model can be interpreted as a sigma model on [X/G]. 

Open strings are associated to extended objects, different from strings, which 
go under the name of D-branes. Loosely speaking, a D-brane is a 'nice' boundary 
condition for the two-dimensional quantum field theory. To any topologically 
twisted sigma model one can associate a category of D-branes. In the case of the 
topological B-model of a Calabi-Yau X, the category of D-branes is believed to 
be equivalent to the bounded derived category D(X) of coherent sheaves on X. 
In the equivariant setting this should be replaced by the bounded derived category 
D([X/G]) = D'^(X) of G-equivariant coherent sheaves on X. 

From the previous consideration we see that the McKay correspondence has a 
completely natural explanation in terms of nonlinear sigma models with bound- 
aries. Indeed, arguments from topological open string theory, formalized in the 
'decoupling statement' of [7|, suggest that there is an equivalence D(F) = 
D([M/G]) for any crepant resolution Y of the singularities of X = M/G. 
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In this paper we study another class of topological field theories: topological 
Landau-Ginzburg models. The general definition of a Landau-Ginzburg model 
involves, besides a choice of a target space X, a choice of a holomorphic func- 
tion W : X ^ C called a superpotential. In particular, non-trivial Landau- 
Ginzburg models require a non-compact target space X. For a smooth affine 
variety X = Spec A, a simple description of the category of D-branes in Landau- 
Ginzburg models has been proposed by M. Kontsevich and derived from physical 
considerations in [19]. It turns out that the category of D-branes is equivalent to 
the category MF(iy) of matrix factorizations of W. 

For non-affine X the following construction was proposed [27]. Suppose that 
we are given a Landau-Ginzburg superpotential W : X ^ C with a single critical 
value at G C. Let Xq denote the fiber of W over 0. Consider the bounded 
derived category of coherent sheaves on Xq. A perfect complex is an object of 
D(Xo) which is quasi-isomorphic to a bounded complex of locally free sheaves. 
One can define a triangulated category of singularities Dsg(Xo) as the quotient 
of D(Xo) by the full subcategory of perfect complexes Perf(Xo). If Xq were 
non-singular, the quotient would be trivial, since in that case any object in D(Xo) 
would have a finite locally free resolution. Therefore Dsg(Xo) depends only on 
the singular points of Xq. The main result of [|27i is that the category of matrix 
factorizations MF(W^) for a smooth affine X = Spec A is equivalent to Dsg(Xo). 
Thus for non-affine X the category Dsg(Xo) can be considered as a definition of 
the category of D-branes. 

One may also consider Landau-Ginzburg models on orbifolds. Such mod- 
els are particularly important because they provide an alternative description of 
certain Calabi-Yau sigma models. In the affine case D-branes are described by 
the category MF'^{W) of G-equivariant matrix factorizations, cf. [ill|2l and Sec- 
tion |6] of this paper. In general, one may consider a full subcategory of per- 
fect complexes Perf ([Xq/G]), which is formed by bounded complexes of lo- 
cally free sheaves in D([Xo/G]) = D^(Xo), and also the quotient category 
Dfg(Xo) = D^(Xo)/Perf([Xo/G]). In Section |7]we show that the category of 
G-equivariant matrix factorizations MF'^{W) for a smooth affine X = Spec A is 
equivalent to Dgg(Xo). 

Let us assert our version of the McKay correspondence for Landau-Ginzburg 
models. Consider the Landau-Ginzburg model on the affine space M = C" with 
polynomial superpotential / : M — ^ C and its orbifold with respect to the action 
of some finite subgroup G of SL(n, C). Let r : Y ^ M/Ghea crepant resolution 
and consider the Landau-Ginzburg model (Y, g), where g is the puUback of / to 
Y. We expect the following to hold. 

Assertion 1.2. The category of D-branes in the Landau-Ginzburg model (Y, g) is 
equivalent to the category of D-branes in the Landau-Ginzburg orbifold (M, /). 

In this paper we prove a special case of this assertion. The main result is the 
following. Consider the Landau-Ginzburg orbifold defined by (M, /), where the 
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superpotential / is a regular G-invariant function with an isolated critical point 
at the origin and G is a finite subgroup of SL(r2,C) which acts on M = C" 
freely outside the origin. Assuming favorable circumstances, a crepant resolution 
is given by the irreducible component Y C G-Hilb(M) dominating X = M/G. 
Then the category of singularities Dsg(lo) of the fiber Yq is equivalent to the G- 
equivariant category of singularities Dgg(Mo) of the fiber Mq. Bearing in mind 
that the categories of singularities are equivalent to the categories of D-branes we 
obtain the connection between D-branes mentioned above. 

To finish this introduction we make some remarks of a more philosophical 
nature. Noncommutative geometry, as propagated by M. Kontsevich in [21] is 
based on the idea that to do geometry you really don't need a space, all you need 
is a category of sheaves on this would-be space. A noncommutative space X is 
a small triangulated C-linear category which is Karoubi closed and enriched 
over complexes of C-vector spaces (this notion is explained in detail in [8|). If X 
is a smooth scheme of finite type, then X can be considered as a noncommutative 
space with = D(X). Any Landau-Ginzburg model {X, W) is also a non- 
commutative space with ^(x,w) = Dsg(Xo). We see that the physical meaning 
of noncommutative space is to replace the space by the category of D-branes. If 
we return to the McKay correspondence, then we deduce that the noncommu- 
tative space Y is isomorphic to the noncommutative space A = C[x,y, z] * G. 
This leads naturally to a generalized notion of McKay correspondence as an iso- 
morphism of noncommutative spaces. Note that this fits well with M. Reid's 
Principle II. 1[ where the word 'geometry' was left deliberately vague. We can 
restate assertion 11.21 by saying that the Landau-Ginzburg model (Y,g) and the 
Landau-Ginzburg orbifold (M, /) are isomorphic as noncommutative spaces. 

Note added. After this paper was posted on the arXiv, I have learned that sim- 
ilar results were obtained by S. Mehrotra in his PhD dissertation [|25ll . In the 
situation described above, he has shown that the G-equivariant category of sin- 
gularities Dgg(Mo) embeds fully and faithfully into the category of singularities 
Dsg(lo)- However, Mehrotra approach is different to ours in that it does not use 
the techniques of [i9J in the context of the generalized McKay correspondence. 
Our proof uses in an essential way these techniques. It is a natural question to 
try and understand to what extent the result really depends on the derived McKay 
correspondence, but not a question we explore in this paper. 
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also go to J. Stienstra for his suggestions and advice. I have also benefitted a lot from e-mail 
correspondence with D. H. Ruiperez and M. Herbst. Finally, I am grateful to the anonymous 
referee, whose many comments helped me to correct the content and improve the exposition of 
the manuscript. 
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2. The physical argument 

We begin with some heuristic physical discussion aimed at justifying assertion 
11.21 The set-up is the so-called gauged linear sigma model. 

The gauged linear sigma model is a very useful model which in an appropriate 
sense 'interpolates' between nonlinear sigma models on Calabi-Yau manifolds 
and Landau-Ginzburg orbifolds. Such a model is determined by a "radial" pa- 
rameter r. 

Here are some of the basic ideas concerning gauged linear sigma models. We 
will just indicate enough details to see the parameter r appearing. Let us consider 
the U(l) gauge theory with n chiral matter superfields Xi, . . . , X„ of charge 1, 
and one chiral superfield P of charge —n. We also consider a twisted chiral 
superfield S with values in the complexification of the adjoint bundle over 2|4- 
superspace. Write each of these superfields in components 





= Xi + e{- 
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= p + 9{-- 


■) + ■ 
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= a + e(- 


■■) + 



The bosonic potential is a function V = V{x, p, a) of the bosonic components of 
these superfields. It has the form 

The "D-term" is equal to 

n 

D = — n\p\'^ — r. 

1=1 

This is actually a familiar function mathematically; it is the moment map gen- 
erating the U(l)-action on the flat Kahler manifold Z = C"+^ with coordinates 
xi, . . . ,Xn and p. 

The moduli space of classical vacua -that is, the special field configurations of 
minimal energy- for this theory is 

^vac = V"'(0)/U(1). 

The quotient by U(l) comes from the gauge symmetry. So we need to set V = 
and divide by U(l). Thanks to the form of the potential, this requires that D = 0, 
and either cr = or J2i + ^^bP = 0. Now, setting D = and dividing 
by U(l) is the familiar mathematical operation of symplectic reduction, in which 
D = defines a level set for the moment map of the U(l)-action (with the choice 
of r specifying the level). There is another mathematical interpretation of this 
process, as a quotient in the sense of GIT: we complexify the group U(l) to 
and consider the action of on Z = C"+^ with the same weights as before (the 
Xj's have weight 1 and p has weight —n). 
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It turns out that there are two possible GIT quotients depending upon the sign 
of r. For r > 0, D = Q implies that not all Xi can vanish and thus a must be 
zero. The variable p is free as long as the condition D — Ois satisfied. Owing to 
these, the quotient can be interpreted as the total space Y = tot(^p«-i(— n)) of 
the line bundle ^pn-i(— n) (p serves as a fiber coordinate). For r < 0, vanishing 
of the D-term requires that p 7^ 0. We can therefore use the -action on {xi,p) 
to set p — 1. This leaves a residual invariance under the subgroup G = Z„ on 
U(l) (because p has charge —n). Thus, the quotient is C"/ G. This will therefore 
be what is known as an orbifold theory. 

Let us note that r determines the "size" of the non-compact Calabi-Yau mani- 
fold Y . In this sense, the variable r can be thought of as determining the Kahler 
modulus of the theory. Geometrically, taking r — > corresponds to blowing- 
down the P"^^ at the base of the line bundle ^pn-i(— n) and the geometry be- 
comes isomorphic to C"/^. 

The real Kahler modulus r is complexified by the 6'-angle of the gauged linear 
sigma model (which becomes the B-field in string theory) through the combina- 
tion ^ + i r, and the complexified Kahler moduli space has two phases. When 
r ^ Q the infrared fixed point of the gauged linear sigma model is a nonlinear 
sigma model on the target space Y and this is called the Calabi-Yau phase. The 
phase r <^ corresponds formally to an analytic continuation to negative Kahler 
class. For ^pn-i(— n) this means "negative size" of the P"~^, i.e., we pass to the 
blow-down phase where the P"~^ has been collapsed to a point, and the target is 
C^/G. The singularity at r = can be avoided by turning on a non-zero 0-angle. 

We are particularly interested in trying to understand D-branes (in particular, 
D-branes with B-type boundary conditions) in gauged linear sigma models with 
boundary. In the Calabi-Yau phase the category of D-branes is D(F), the derived 
category of coherent sheaves on F. In the orbifold phase, this should be replaced 
by the derived category D'^(C") of G-equivariant sheaves on C". We can try 
to use the boundary gauged linear sigma model as a tool to "flow" the category 
D*^(C") to the category D(y), thus realizing the equivalence of the two cate- 
gories by means of a physical system. Thus D-branes give a completely natural 
explanation of the McKay correspondence in terms of the interpolation between 
small and large "volume" phase of a gauged linear sigma model with boundary. 

Now it is time to supplement the gauged linear sigma model by a superpo- 
tential W : Z C. It must be a holomorphic function on Z = C"+^. We are 
chiefly interested in superpotentials of the form W = pf{xi, . . . , Xn), where / 
is a general homogeneus polynomial of degree d. The potential energy for this 
linear sigma model is 

V = ^,D' + i/r + bri d/r + ( E + nv) . 

1=1 

Let us restrict attention to polynomials that are transverse, meaning that the equa- 
tions f — df — have no simultaneous solutions except at the origin. This 
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implies that the hypersurface S of P""i defined by / = is a smooth complex 
manifold. Moreover, if d = n then 5 is a Calabi-Yau manifold. We will assume 
this in the sequel. 

Let us analyse the spectrum of the classical theory. As before, the structure of 
the moduli space of classical vacua is different for r > and r < 0, and we will 
treat these two cases separately. 

First, let us take r > 0. In this case, D — requires at least one Xi to be 
nonzero, forcing a to vanish. If we assume p 7^ 0, the equations f — df — 
with the transversality condition imply that all Xi must vanish. However, this is 
inconsistent with D = 0. Thus p must be zero. Our equations for classical vacua 
become p = 0, l^jp = r, and / = 0, and we must divide by the action of the 
gauge group U(l). This gives the hypersurface S defined by the equation f — 
in P"~^, with Kahler modulus r. Thus, classically our theory can be described as 
a nonlinear sigma model whose target space is this hypersurface S. 

Let us move to the case r < 0. The space of classical vacua satisfies Xi = 
and n|]?p ~ —r. We can use a gauge transformation to fix p = —r/n, leaving 
a residual gauge invariance of G = Z„. The local description of the theory is 
this: for r ^ 0, the field P has a large mass and can be integrated out, leaving 
an effective theory of n massless chiral superfields Xi, . . . , with an effective 
interaction 

l^eff = const • /(Xi, ...,Xn). 

Such a theory of n massless fields with a polynomial interaction is called a 
Landau-Ginzburg model. We should notice, however, that the Landau-Ginzburg 
model is not an ordinary one, but a G-gauge theory. Physical fields must be in- 
variant under the G-action, and the configuration must be single- valued only up to 
the G-action. Such a gauge theory is usually called a Landau-Ginzburg orbifold. 

In this way, the gauged linear sigma model interpolates between the Landau- 
Ginzburg orbifold and the Calabi-Yau nonlinear sigma model. These two regions 
can be considered as a sort of analytic continuation of each other. 

In both these theories we know how to describe topological D-branes. In the 
Calabi-Yau phase the D-brane category is the derived category 0(5") of coher- 
ent sheaves on S. In the Landau-Ginzburg phase, D-branes are realized as G- 
equivariant matrix factorizations of /. Using the gauged linear sigma model real- 
ization, the previous discussion naturally leads to the statement that there should 
be an equivalence of categories 0(5") = MF'^(/), where MF'^(/) is the category 
of G-equivariant matrix factorizations of /. 

Now, we can consider Y = tot(^pn-i(— n)) as a Landau-Ginzburg model 
with superpotential g given by the puUback of / to Y. As mentioned in the 
introduction, in this case the category of D-branes is defined as the category of 
singularities Dsg(yo)> where Yq is the fiber of g over 0. 

On the other hand, we can describe F as a GIT quotient of an affine space 
Z — C""*"^ by the linear action of C^. The underlying superpotential W — 
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pf{xi, . . . , Xn) on Z = C"+^ descends to a holomorphic function on Y that co- 
incides with g. In the presence of a -action one can also consider the category 
MF^'^(iy) of graded matrix factorizations of W. We can think of the latter as 
being the category of D-branes in the gauged linear sigma model. 

Now we reach the crucial step. One of the main outcomes of ifTSl . is that 
the categories of D-branes in the Calabi-Yau and Landau-Ginzburg phases are 
both quotients of MF^^{W). However, at r > and at "intermidiate energy 
scale" one could always choose the description as the Landau-Ginzburg model 
with superpotential g over Y. This superpotential gives masses to the field P and 
to the "transverse modes" to the hypersurface S. At "lower energies", it is more 
appropriate to integrate them out, and we have the nonlinear sigma model on S. 

In the light of all this we can expect that the categories of D-branes Dsg(lo) 
and MF'^(/) are also equivalent. Now, our Theorem 17 . 3 1 gives an equivalence be- 
tween the category of D-branes MF'~^(/) and the G-equivariant category of sin- 
gularities Dgg(Mo), where Mq is the fiber of / over 0. So, we arrive at the state- 
ment that the category Dsg(lo) should be equivalent to the category Dgg(Mo). 
This equivalence allows us to compare the category of D-branes on the Landau- 
Ginzburg model (Y, g) with the category of D-branes in the Landau-Ginzburg 
orbifold (M,f). Given this simple observation, it is natural to think that the 
correspondence between D-branes in the two theories is given by a McKay cor- 
respondence. 



3. Localization in triangulated categories 

In this section we will review the definition of localization of triangulated cat- 
egories. The reader is referred to |fT3l , for example, for a more complete discus- 
sion. 

Recall that a triangulated category ^ is an additive category equipped with the 
additional data: 

(a) an additive autoequivalence T: ^ ^ S>, which is called a translation 
functor, 

(b) a class of exact (or distinguished) triangles 



This data must satisfy a certain set of axioms (see [,131 . also |fT4|). 

An additive functor F: Qi Qi' between two triangulated categories '3i and 
Qi' is called exact if it commutes with the translation functors, i.e. there is a natural 
isomorphism FT = TF, and it sends exact triangles to exact triangles, i.e. any 
exact triangle X — > F — * Z — > TX in ^ is mapped to an exact triangle 

FX > FY > FZ > FTX 

in where FTX is identified with TFX via the natural isomorphism of FT 
and TF. 
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A full additive subcategory jY C ^ is said to be a full triangulated subcate- 
gory, if the following condition holds: it is closed with respect to the translation 
functor in ^ and if it contains any two objects of an exact triangle in ^ then it 
contains the third object of this triangle as well. 

With any pair C where .yV is a full triangulated subcategory in a trian- 
gulated category ^, we can associate the quotient j JV . To construct it denote 
by E a class of morphisms sin^ fitting into an exact triangle 



X 

with N E jV . It is not hard to see that S is a multiplicative system. We then 
define the quotient & j as the localization ^[S^^] and observe that it is a tri- 
angulated category. The translation functor on is induced from the trans- 
lation functor in the category ^, and the exact triangles in j jY are triangles 
isomorphic to the images of exact triangles. 

The category ^ j ,yy has the following explicit description. The objects of 
I jV are the objects of Q). The morphisms from XioY are equivalence classes 
of diagrams (s, /) in ^ of the form 

X Y' — ^ Y with s e E, 

where two diagrams (s, /) and (t, g) are equivalent if they fit into a commutative 
diagram 

Y' 



X^ 




with r G E. 

The quotient functor Q : ^ — > ^ j JY annihilates JV . Moreover, any exact 
functor F: ^ — > between triangulated categories, for which = when 

X e =yK, factors uniquely through Q. This implies the following result which 
will be useful later. 

Lemma 3.1. Let JY and JV' he full triangulated subcategories of triangulated 
categories and ^' , respectively. Let F: ^ & and G: Q)' he an 

adjoint pair of exact functors such that F{^) C and G{^') C Then 
they induce functors 



F: 



y/^' and G : & / 



which are adjoint as well. Moreover, if the functor F: ^ - 
then the functor F : Ql j jV — > Q)' j JY' is also fully faithful. 



Ql' is fully faithful, 
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4. Triangulated categories of singularities 

In this section we give the definition and basic properties of triangulated cate- 
gories of singularities. We refer to Orlov's papers [27] and \26l for all the proofs 
of the assertions below. 

We are mainly interested in triangulated categories and their quotient by tri- 
angulated subcategories which are coming from algebraic geometry. Let X be a 
separated Noetherian scheme of finite KruU dimension over C such that the cat- 
egory of coherent sheaves Coh(X) has enough locally free sheaves. For future 
reference we denote the category of quasi-coherent sheaves on X by Qcoh(X). 

Denote by D(X) the bounded derived category of coherent sheaves on X. The 
objects of the category D(X) which are isomorphic to bounded complexes of 
locally free sheaves on X form a full triangulated subcategory. It is called the 
subcategory of perfect complexes and is denoted by Perf(X)l] 

Definition 4.1. Define the triangulated category of singularities Dsg (X) of X as 
the quotient category D(X)/ Perf (X). 

It is known that if our scheme X is regular then the subcategory of perfect 
complexes Perf (X) coincides with the whole bounded derived category of co- 
herent sheaves. In this case the triangulated category of singularities Dsg(X) is 
trivial. Thus Dsg(X) is only sensitive to singularities of X. 

Let / : X F be a morphism of finite Tor-dimension (for example a flat 
morphism or a regular closed embedding). It defines the inverse image functor 
L/*: D(F) — > D(X). It is clear that the functor L/* sends perfect complexes 
on Y to perfect complexes on X. Therefore, the functor L/* induces an exact 
functorL7*:Dsg(r)^Dsg(X). 

Suppose, in addition, that the morphism / : X — » F is proper and locally of 
finite type. Then the direct image functor R/*: D(X) D(F) takes perfect 
complexes on X to perfect complexes on Y (see (Ml)- Hence it determines a 
functor R/^: Dsg(X) Dsg(F) which is right adjoint to L/ . We should 
remark, however, that all the specific morphisms we consider are non-proper. 

A fundamental property of triangulated categories of singularities is a property 
of locality. Here is a precise statement. 

Proposition 4.2. Let X be as above and let j: U X be an embedding of 
an open subscheme such that Smg{X) C U. Then the functor j : Dsg(X) 
Dsg(f/) is an equivalence of triangulated categories. 

Triangulated categories of singularities of X have additional good properties 
in case the scheme is Gorenstein. Recall that a local Noetherian ring A is called 
Gorenstein if A as module over itself has a finite injective resolution. It can be 

^Actually, a perfect complex is defined as a complex of if^'x -modules locally quasi-isomorphic 
to a bounded complex of locally free sheaves of finite type. But under our assumption on the 
scheme any such complex is quasi-isomorphic to a bounded complex of locally free sheaves of 
finite type (see 1341 ). 
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shown that if A is Gorenstein then A has finite injective dimension and the natural 
map 

M — > Rllom^(RB.om^{M,A),A) 

is an isomorphism for any finitely generated A-module M and, as a consequence, 
for any object from D(Specy4). A scheme X is Gorenstein if all of its local 
rings are Gorenstein local rings. If X is Gorenstein and has finite dimension, 
then is a dualizing complex for X, i.e. it has finite injective dimension as a 
quasi-coherent sheaf and the natural map 

is an isomorphism for any coherent sheaf <f . In particular, there is an integer uq 
such that (S'xt\^{S', Gx) = for each quasi-coherent sheaf S and all i > uq. 

The following gives a useful description of the morphism spaces in triangulated 
categories of singularities. 

Proposition 4.3. Let X be as above and Gorenstein. Let S" and ^ be co- 
herent sheaves such that S'xtxi^', Gx) = /or all i > 0. Fix n such that 
S'xtxi'^^ ^) — Ofor i > n and for any locally free sheaf y. Then 

HomDs,(x)(^,^M) = Ext^(^,^)/^ 

where ^ is the subspace of elements factoring through locally free, i.e. e E M if 
and only if e = aP with a: S' —' y and P G Ext ^) where y is locally 
free. 

5. Triangulated categories of matrix factorizations 

In this section we introduce the category of matrix factorizations and give some 
of its basic properties. The origin of this category goes back to the work of 
D. Eisenbud [12] in the context of so-called maximal Cohen-Macaulay modules 
over local rings of hypersurface singularities. 

As proposed by M. Kontsevich (see also [[T9ll ) the category of D-branes as- 
sociated to a Landau-Ginzburg model can be characterized in terms of matrix 
factorizations. For us, a Landau-Ginzburg model is simply a pair (X, W), where 
X is a smooth variety (or regular scheme), and : X — >^ C is a regular function 
on X called the superpotential. To keep things simple, we will assume through- 
out that W has a single critical value at the origin G C. To this data one can 
associate two categories: an exact category Pair(11/) and a triangulated category 
MF(iy). We give the construction of these categories under the condition that X 
is affine. 

Let A be a commutative algebra over C. Then one can regard A as the algebra 
of functions on an affine scheme X = Spec A. Denote by Mod-A the category 
of all right modules over A. It is a well-known fact that the global section functor 

H° : Qcoh(X) — > Mod- A, 
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is an equivalence with inverse denoted by (— ). It is also well-known that this 
functor restrict to an equivalence 

H^: Coh(X) — >mod-A, 

where mod-A is the category of finitely generated right modules over A. Note 
that under this equivalence locally free sheaves are the same as projective mod- 
ules. 

For a non-zero element 1^ e ^4, a matrix factorization of 1^ is an ordered pair 



where Pq, Pi are finitely generated projective ^4 -modules andpo> Pi are 74-homo- 

morphisms such that pipo = W ■ idp(, and popi = W ■ idp^. Since popi and pipo 
are W times the identities, where is a non-zero element of A, the rank of Pq 
coincides with that of Pi. We call the rank the size of the matrix factorization. 

The above construction can be reformulated in terms of Z2-graded A-modules 
as follows. A Z2-graded A-module P = Pq® Pi can be thought of as an ordinary 
A-module P equipped with a C-linear involution r : P ^ P, = id. The homo- 
geneous parts Po and Pi are the eigenspaces of r corresponding to the eigenvalues 
1 and —1 respectively. A pair P can be similarly thought of as a triple {P,T,Dp) 
where Dp : P — > P is an odd A-homomorphism satisfying Dp — 1^ • idp. Given 
two matrix factorizations P = (P, r, Dp) and Q — (Q, a, Dq) the 74-module 
Hom(P, Q) form a Z2-graded complex 

Hom(P, Q) = Hom(P, Q)^ ® Hom(P, Q)^ 

where 

Hom(P, g)o = Hom^(Po, Qo) e Hom^(Pi, Qi), 
Hom(P, g)i = HomA(Po, Qi) HomA(Pi, Qo), 
and with differential D acting on homogeneous elements of degree k as 

D0 = Dq-0-(-1)V-^p- 

The set of objects of the categories Pair(W^) and MF(W^) is given by the 
set of matrix factorizations of W . The space of morphisms Hompair(Ty) (P, Q) 
in the category Pair(VF) is the space of homogeneous morphisms of degree 
which commute with the differential D. The space of morphisms in the cat- 
egory MF(Vr) is the space of morphisms in Pair(H^) modulo nuU-homotopic 
morphisms, i.e. 

Hompair(M/)(P,g) = Z°(Hom(P, Q)), 
HomMF(vr)(P,Q) = i/°(Hom(P,g)). 

Thus a morphism 0: P — > Q in the category Pair(Vr) is a pair of morphisms 
0o: -Po ^ and 0i: Pi ^ Qi such that 0ipo = go0o and gi0i = 0oPi- The 
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morphism is nuU-homotopic if there are two morphisms to: Pq Qi and 
ti : Pi ^ Qo such that 01 = q^ti + toPi and 0o = hpo + qit^. 

It is clear that the category Pair(iy) is an exact category with respect to com- 
ponentwise monomorphisms and epimorphisms (see definition in [30]). 

The category MF(iy) can be endowed with a natural structure of a triangulated 
category. To determine it we have to define a translation functor [1] and a class of 
exact triangles. 

The translation functor can be defined as a functor that takes P to the object 

— Pi 

(1) P[l] = (Pi^Po) 

-po 

i.e. it changes the order of the modules and signs of the morphisms, and takes a 
morphism cp = (0o, 0i) to the morphism (/>[!] = 0o). We see that the functor 
[2] is the identity functor. 

For any morphism (p: P Q from the category Pair (14^) we define a mapping 
cone C {4>) as an object 

(2) C(0) = ( go © Pi ^ Qi © Po ) 

such that 

-Pi)' - I -PO )_ 

There are maps V: Q C(0), = (id, 0) and^: C{(j)) P[l], ^ = (0,id). 

Now we define a standard triangle in the category MF(iy) as a triangle of the 
form 

P^Q^C(0)^P[1] 

for some G Hompair(w') (P, Q) . A triangle P ^ P[l] in MF{W) 

will be called an exact triangle if it is isomorphic to a standard one. 
As a consequence we get the following. 

Proposition 5.1. The category MF{W) endowed with the translation functor [1] 
and the above class of exact triangles becomes a triangulated category. 

The proof is the same as the analogous result for a usual homotopic category 
(see, for example [13]). 

Definition 5.2. The category MF(iy) constructed above is called the triangulated 
category of matrix factorizations for the pair (X = Spec A, W). 

Denote by Xq the fiber oi W : X C over the point 0. With any matrix 
factorization P we can associate a short exact sequence 

pi 

> Pi > Po > cokerpi > 0. 

We can attach to an object P the sheaf cokerpi. This is a sheaf on X. But the 
multiplication by W annihilates it. Hence, we can consider cokerpi as a sheaf on 
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Xq. Any morphism </> : P ^ Q in Pair (ly) gives a morphism between colcemels. 
This way we get a functor Cok: Pair(iy) Coh(Xo). We have the following 
result, see [27, Theorem 3.9]. 

Theorem 5.3. There is a functor F which completes the following commutative 
diagram 

Pair(Vr) Coh(Xo) 

MF(W^)-^Dsg(Xo). 
Moreover, the functor F is an equivalence of triangulated categories. 

6. Orbifold categories 

As is well known, for the Calabi-Yau/Landau-Ginzburg correspondence, one 
must consider orbifolds of D-branes in a Landau-Ginzburg theory. The defini- 
tion of triangulated categories of singularities and matrix factorizations can be 
extended to this situation. 

We start by recalling the definition and basic properties of equivariant coherent 
sheaves. More details can be found in [|28l . Let G be a finite group acting on 
some scheme X. A G-equivariant coherent sheaf on X is a coherent sheaf £' on 
X together with isomorphisms : (f ^ g*S' for all g E G subject to Af = id^ 
and \gf^ = /i*(Ag )Af . Mumford calls this a G-linearization of S". 

If S' and ^ are two G-equivariant coherent sheaves, then the vector space 
Homx(f?, ^) becomes a G-representation via. g ■ 6 = {Xf)~^g*6Xg for 6: S' ^ 
^ . Let Coh*^(X) be the category whose objects are G-equivariant coherent 
sheaves and whose morphisms are the G-invariant sheaf morphisms: 

G-Homx((r, ^) = Homx((r, ^f. 

This category is abelian. It is not difficult to define the usual additive func- 
tors ®, M'om on this category. Furthermore, if / : X ^ F is a G-equivariant 
map between G-schemes, then one defines in an obvious way the additive func- 
tors Coh^'(X) ^ Coh^'(y), /*: Coh^(F) ^ Coh^(X). For example, 
if ^ G Coh'^(X), then f^S is canonically a G-equivariant coherent sheaf via 
/*Ag : /*ff ^ f*g*<S' = g*f*S'. One now also has the usual adjunctions and 
relations among these functors. 

We shall have to deal with the special case where G acts trivially on X. Then 
a G-equivariant coherent sheaf S is merely given by a group homomorphism 
A'^: G ^ K\xi{(S'). As G is finite, this representation decomposes into a direct 
sum over the irreducible G-representations pq, pi, . . . , p^, where we take po to 
be the trivial one; i.e. = 0"^o '^i Pi Coh'^(X) with ordinary sheaves 
S'i G Coh(X). There exists no homomorphisms between sumands corresponding 
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to two different representations, and hence we obtain two mutually adjoint and 
exact functors, the latter of which is 'taking G-invariants': 

- ® Po : Coh(X) — > Coh^(X), 

[-f: Coh^(X) ^ Coh(X). 

We come back now to the general case. Given two objects S" and ^ in 
Coh^(X), we consider Ext)^{<^,^) as a G-representation in the usual way. 
Then it is easily seen that 

Denote the bounded derived category of Coh'^(X) by D'^(X). We shall refer 
to D'^(X) as the derived category of G-equivariant coherent sheaves on X. Us- 
ing induction on the length of complexes, the above relation for equivariant Ext 
groups translates to 

Homi3G(x)(^-,^-) = Homi3(^)(^-,^-)'', 

for complexes of G-equivariant coherent sheaves S'' and in D'^(X). Note 
that all facts about G-equivariant coherent sheaves also apply to complexes of 
G-equivariant coherent sheaves. 

It will be useful for us to look at D^{X) in another way. Consider the quotient 
stack [X/G]. It is covered by one etale chart, given by the projection X — > X/G, 
or more explicitly, by the fiber diagram 

G xX^^X 

cr 

X > X/G. 

Now a sheaf on the stack [X/G] is just a sheaf ^ on the chart X with p*S = a*S', 
and the descend condition translates into the linearization property. Therefore, the 
abelian categories Coh([X/G]) and Coh'^(X) are equivalent, and consequently 
they give rise to equivalent derived categories. 

A perfect complex of G-equivariant coherent sheaves is an object of D ( [X/G] ) 
which is quasi-isomorphic to a bounded complex of locally free sheaves on [X/G] . 
The perfect complexes of G-equivariant coherent sheaves form a full triangulated 
subcategory Perf([X/G]) C D([X/G]) = D^(X). 

Definition 6.1. Define the G-equivariant category of singularities Dgg(X) of X 
as the quotient category D'^(X) / Perf ([X/G]). 

One can show that the entire discussion we had in Section |4] goes through in 
the case of G-equivariant coherent sheaves. 

It also makes sense to define G-equivariant matrix factorizations. Suppose 
X = Spec y4 is a G-scheme. It is natural to define the following abelian cat- 
egory Mod*^-yl. Its objects are A-modules M with the property that for every 
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g E G, there is given an A-isomorphism : M g*M, such that for every 
g,h e G, we have Ajf = /i*(Af )Af and = idM- Note that in this ex- 
pression g*M = g~^M is just the abelian group M with its A-module structure 
induced by g~^ : A ^ A. A morphism (p: M N is just an A-homomorphism, 
which should satisfy the property that for all g E G and m E M, we have 
(f){Xg^{m)) = X^ (0(m)). This clearly gives rise to an abelian category in a nat- 
ural way. Likewise, it has an abelian subcategory determined by the full subcat- 
egory of finitely generated A-modules, which we will denote by mod'^-yl. Note 
that if X happens to be a trivial G-scheme, we have mod'~^-y4 = CG-mod-A 
(just a category of bimodules). We can now define in an obvious way a functor 

H^: Qcoh^(X) — > Mod^-A, 

which is an equivalence with inverse (— ). Moreover this functor restrict to an 
equivalence 

Coh^(X) — ^mod^-A 

Note that these functors are just extensions of the previous ones. 

Now assume that there is an action of the group G on the Landau-Ginzburg 
model {X = Spec A, W) such that the superpotential W is G-equivariant. In 
this case, we can consider two categories: an exact category Pair'^(iy) and a 
triangulated category MF'^{W). Objects of these categories are ordered pairs 



where Pq, Pi are finitely generated projective G-A-modules and po, pi are G- 
equivariant maps such that the compositions popi and pipo are the multiplication 
by the element W E A. A morphism (f): P ^ Q in the category Pair'^(iy) is 
a pair of G-equivariant morphisms (po: Pq Qo and (pi: Pi ^ Qi such that 
0iPo = and qi(pi = (poPi. Morphisms in the category MF'^{W) are classes 
of G-equivariant morphisms in Pair'^(iy) modulo nuU-homotopic morphisms. 
The shift functor and the distinguished triangles can be constructed by imposing 
equivariance conditions on equations ([T]) and Q. 

Definition 6.2. The category MF^{W) constructed above is called the triangu- 
lated category of G-equivariant matrix factorizations for the pair (X = Spec A, W). 

7. Categories of matrix factorizations and categories of 

singularities 

Our aim now is to describe an equivalence of categories between MF'^{W), the 
category of G-equivariant matrix factorizations and Dgg(Xo), the G-equivariant 
category of singularities. In the non-equivariant setting, we have seen in Section[5] 
that MF(iy) is equivalent to Dsg(Xo). The generalization to the equivariant 
situation is straightforward. Our proofs in this section are modeled on those in 

m. 
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With any object P in Vaii^ iW) we associate the module cokerpi and its free 
resolution 

Pi 

> Pi > Pq > cokerpi > 0. 

It can be easily checked that W annihilates cokerpi. Hence the module cokerpi 
is naturally a right G-A-module. For each object P in Pair'^(l^) we define 
Cok'^(P) = cokerpi; this is a G-equivariant coherent sheaf on Xq. If 0: P ^ Q 
is a morphism in Pair^(Vr) then induces a morphism Cok'^(0) : cokerpi 
coker qi. This construction defines a functor Cok*^ : Pair*^(iy) Coh'^(Xo). 

Lemma 7.1. The functor Cok*^ is full. 

Proof. This is essentially the Lemma 3.5 proved in [27|. We recall its proof 
for the convenience of readers. Fix two objects P and Q in Pair'^(iy) and let 
/: coker pi coker gi be a morphism in Coh'^(Xo). Since Pq and Pi are pro- 
jective / can be extended to a map of exact sequences 

Pi 

> Pi > Po ^ coker pi > 



<t>0 



f 



> Qi — ^ Qo > coker qi > 0. 

We want to show that = (0O) 0i) is a map of pairs. We have that 

gi(0iPo - qo4>o) = 4>oPiPo - qiqo4>o = 4>oW - W(j)o = o. 

Using that qi is a monomorphism, we get that 0ipo = 9o0o, which shows that 
= (00, 0i) is a map of pairs, as required. □ 

Next we show that the functor Cok*^ induces an exact functor between trian- 
gulated categories. 

Proposition 7.2. There is a functor F'-^ which completes the following commuta- 
tive diagram 

Pair^(iy) ^ Coh^(Xo) 



MF^(l^)-^D|(Xo). 

Moreover, the functor P*^ is an exact functor between triangulated categories. 

Proof. Most of the argument is identical to the non-equivariant case proved in 
GTl Proposition 3.7]. We define a functor P^: Pair^(W') Dg,(Xo) to be 
the composition of Cok*"^ and the natural functor from Coh*^(Xo) to Dgg(Xo). 
To prove that induces a functor from MF'^(H^) to Dgg(Xo) we need to show 
that any morphism = (0o, 0i) : P ^ Q \n Vaii^iW) which is homotopic to 
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goes to 0-morphism in Dgg(Xo). Fix a homotopy t = (to, ^i) where to'. Pq ^ Qi 
and ti: Pi ^ Qq. Consider the following decomposition of (p: 



Pi^ 



pi 



po 



->■ cokerpi 



Qo®Q 

pr 



(io,<^o) 



1 ■(- 



Co 



91 



Qi®Qi 



Qo/W 



pr 



go 



-)■ coker 



where 

gj' ^^-^ go J- 

This gives a decomposition of F^((f)) through a G-equivariant locally free object 
Qo/W on Xo- By Proposition 14.31 we have that F'^{(j)) = in the category 
Dfg(Xo). It is not difficuk to check that takes a standard triangle in MF^{W) 
to an exact triangle in Dg (Xq) . Therefore F'^ is exact. □ 



Notice that there is a natural forgetful functor U : MF°{W) MF(H^), 
which simply forgets the G-action. We have the natural second forgetful functor 
U: Dg(Xo) ^ Dsg(Xo). For each P in MF^{W), the two objects UF^P and 
FUP coincide. More precisely, there is a commutative diagram 



MF^(iy)^Dfg(Xo 



u 



u 



MF(iy)^Dsg(X 



oj 



We can now prove the main result of this section. 

Theorem 7.3. The functor F^ : MF'^(H^) — > Dgg(Xo) is an equivalence of 
triangulated categories. 

Proof. First we verify that the functor F*^ is fully faithful. This follows from 
the arguments of |[29l Lemma 5]. We repeat the proof in the current setting. Fix 
two objects P and Q in MF^{W). By definition of morphisms in MF^{W) and 
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Dgg(Xo), we have a diagram 

}iomMF{W){UP, UQ) 



}lomus,iXo)iFUP,FUQ) 



HomMF(H^)(f^^, UQ) 



G 



Horn 



HomDC(^„)(F«P,F^Q) 



and the top morphism is a bijection. Thus the lower map of the diagram is in- 
jective, and hence is faithful. To see that F'^ is full as well, consider the 
following variation of the former diagram 



}iomMF(w)iUP, UQ) 



Hom 



MF(iy) 



:up,uQ)' 



HomMFG(H/)(^, Q) 



Romus,iXo)iFUP,FUQ) 



Romj,^^^Xo){UF''P, UF^Q) 



HomDO(^„)(F«P,F^Q) 



using the averaging (or Reynolds) operators vr and p. We obviously have 7r(</)) = 
(p (respectively p(f) = f) if and only if (p (respectively /) is a G-equivariant 
morphism. In particular, vr and p are surjective. The fact that the functor F is full 
then implies the same property for F"^. 

What remains to be proved is that every object £/ in Dgg(Xo) is isomorphic 
to F'^P for some P. A complete proof of this is given in ETl Theorem 3.9]; it 
carries over without change. □ 



8. McKay correspondence for Landau-Ginzburg models 

Here we use the results from the preceding sections to prove a version of the 
McKay correspondence for Landau-Ginzburg models. We begin by reviewing 
the basic setting. 

Let M = C" be the complex n-dimensional affine space, and let G be a finite 
subgroup of SL{n, C). Put X = M/G and let vr: M ^ X denote the natural 
projection. We assume that G acts on M freely outside the origin, which means 
that X has an isolated singularit)0. Write G-Hilb(Af) for the Hilbert scheme 
parametrising G-clusters in M, that is, the scheme parametrising G-invariant sub- 
schemes Z C M of dimension zero with global sections H'^{^z) isomorphic as 



^This is for the purpose of simplicity -the method would seem to be applicable to the general 
case with some modifications. 
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a CG-module to the regular representation of G. Let Y be the irreducible com- 
ponent of G-Hilb(M) which contains the G-clusters of free orbits. There is a 
Hilbert-Chow morphism r : G'-Hilb(Af) — > X which, on closed points, sends a 
G-cluster to the orbit supporting it. This morphism is always projective and the 
irreducible component Y C G-Hilb(Af ) is mapped birationally onto X. We use 
the same notation r for the restriction of the map to Y . 

Now let ^ C F X M denote the universal closed subscheme, and consider its 
structure sheaf ff^. We remark that ff^ has finite homological dimension, be- 
cause is flat over Y and M is nonsingular. Let D(F) and D'^(M) denote the 
bounded derived categories of coherent sheaves on Y and G-equivariant coherent 
sheaves on M, respectively. If vry and hm are the projections from F x M to F 
and M, we define a functor $ : D(F) D'^(M) by the formula 

$(-) = R7rA^,(^^.[n] ®^ 'k*y{- ® Po)) 

where i^j. denotes the derived dual ^M'om'Y^Mi^^Z'i ^yy-m)- Our main result 
will be shown under the following assumption. 

Assumption 8.1. r:Y^Xisa crepant resolution and $ is an equivalence of 
triangulated categories. 

The quasi-inverse \l/ : D'^(M ) D(F) can be calculated using Grothendieck 
duality as the right adjoint of $, given by the formula 

^(-) = [R7ry,(^^ ®^ <i{-))f- 

Assumption 18.11 is known to hold if dim(F x^ F) < n + 1 due to work of 
Bridgeland, King and Reid [|5J together with the results of [[61. In the case of 
n < 3, this dimension condition is always fulfilled because the exceptional locus 
of r has dimension < 2. However, for > 4 this condition rarely holds. 

We need to make a remark here. In [|5l, the definitions of $ and \E' differ slightly 
from the ones we took. Bridgeland, King and Reid define 

$(-) = UtImA^S^ ®^ T^vi- ® Po)), 

v[/(-) = [RTTy^^^H ®^7r;,(-))f. 

It is clear that this difference does not really change the proof of the main result 
of O. The only difference is that everywhere & and become interchanged. 

Assume now that / : M ^ C is a regular function with an isolated critical 
point at the origin which is invariant with respect to the action of G on M. We 
can regard M as a Landau-Ginzburg orbifold with superpotential /. We denote 
by Mo the fiber of the map / over the point G C. Next, let / : X ^ C be the 
unique morphism such that / = fix. Another Landau-Ginzburg model consists 
of the variety Y and superpotential g:Y^£. obtained by puUback of / to Y . 
We let Yq be the fiber of g over the point 0. Note that Yq contains the exceptional 
locus r^^(7r(0)) of the resolution. Note also that the function g will, generally 
speaking, have non-isolated critical points. For future use, we let i^: Yq Y 
and jo '■ Mq M denote the corresponding closed immersions of fibers. 
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We now head towards proving the main result of this section, which asserts 
that there is an equivalence between the category of singularities of Yq and the 
G-equivariant category of singularities of Mq. First, however, we must provide 
preliminary results. Let us denote by py and pm the projections of the fiber 
product Y XcM onto its factors so that we have the following cartesian diagram: 




C 



The universal sheaf onY x M is actually supported on the closed subscheme 
j : Y Xc M Y X M. Thus there is a sheaf $f on y Xc M, flat over Y, such 
that i^iT = j*^- 

Let D(Fo) denote the bounded derived category of coherent sheaves on Yq 
and D*^(Mo) the bounded derived category of G-equivariant coherent sheaves on 
Mq. Write ko for the natural immersion YqX Mq^Y XcM. Then % = Lk^^ 
has finite homological dimension and we may define a functor \E'o : D'^(Mo) — 
D(yo) by the formula 

*o(-) = [Rvryo*(%-®^ nl,^{-))f, 

where vry^j and ttmo are the projections of Yq x to Yq and Mq. That the functor 
^ttyo*{% ®^ -) takes D'^(Fo x Mq) to D'^(Fo) can easily be seen from the 
argument of [9", Lemma 2.1] since the support of is proper over Yq. 

We obtain a useful and probably well-known result, a version of which can be 
found in [|9l Lemma 6.1]. 

Lemma 8.2. There is a natural isomorphism of functors: 

^o*^o(-) = ^Jo*(-)- 
Proof. We first note that there exist a natural isomorphism between the functors 



D^(yo)^D(yo)^D(F) 

and 

D^(Fo) ^ D^(r) ^ D(F) . 

The cartesian diagram 

Yq X Mq-^Y XcM 

Mo ■ >M 

Jo 
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shows that 

ko*Kioi-) -PmJo*(-) = Lj*Trljjo^{-). 
By the projection formula, we can then write 

®^LjX/Jo*(-)) 
Putting these observations together, we obtain the desired isomorphism: 

= [R7ry,j,A;o*(LA;*^ ®^ T^*M,{-))f 

= ^Jo*(-). □ 

We want now to consider a correspondence in the opposite direction. The main 
problem is the right adjoint to Uttyo* as ttyq is manifestly non-proper. However, 
using Deligne's construction of vTy^^ in the context of general Grothendieck duality 
theory (cf. [[I0l[32l|22l|23]l) we can still obtain a right adjoint to Rny^^ for the full 
subcategory of T)^{Yq x Mq) consisting of objects whose support is proper over 
Yq. Let us see how this comes about. 

Let Mq be the closure of Mq in the projective space P". Then the map TVy^ 
factorizes as vryg = Wy^L where l: Yq x Mq ^ Yq x Mq is an open immersion 
and vfyg : Yq x Mq — > Yq is the projection. In this way we get an extension of 
vTyg which is a proper map. Now define the functor vTy^ : D(Fo) D(Yo x ^o) 
to be i*vfy^. A reasoning as in [|23l Lemma 4] shows that there is a functorial 
isomorphism 

HomD(yo)(Rvryo*#',^") = HomD(yoxMo)('^', ^Ty,^'), 

for every object <f ' in T){Yq x Mq) whose support is proper over Yq and any 
in D{Yq). Furthermore, since the map ny^ is of finite Tor-dimension and of finite 
type, it follows from \ \ 22i Theorem 4.9.4] that there is a functorial isomorphism 

for any E D(lo)- Let us remark that the above extends straightforwardly to 
the corresponding G-equivariant categories. 

Let $0 : D(Fo) D'^(Mo) denote the functor in the other direction defined as 

$o(-) = R7rMo*R^omy^^j^^y(%-,7ry^(- ®Po))- 
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Observe that the fact that r is proper implies that the support of is proper over 
Mq. Arguing as before one can check that R7rMo*R-'^omygxMo(% ' ~) sends 
D^(yo X Mo) to D^(Afo), so $o is well-defined. 

The following is an immediate consequence of the definition. 

Lemma 8.3. $o right adjoint to \l/o. 

Proof. Indeed, for any ^' e D(yo) and e D'^(Mo) one has a sequence of 
isomorphisms: 

HomDG(Mo)(=^',^o<^') 

= HomDG(y„xMo)(^Mo'^''^'^^^ioxMo(%''^yo('^' ®^o))) 
^ HomDG(yoxMo)(%' ^M„^', ® Po)) 

^ HomDG(yo)(R7ry,„(%- ®^ TT^o^-), ^' ® Po) 

= HomD(yo)(^o^-,^-). 

Here, the third isomorphism is the aforementioned duality for ttyq, which can be 
applied since has proper support over Yq. □ 

We now make an observation to be applied in the subsequent argument. 
Lemma 8.4. There is an isomorphism: 

Lfc*RJ^omy,^^(^,p;.^y) - Rjromy,,^^(%-,4^^yJ. 
Proof. We have to prove that the natural morphism 

LkoRJ^orriY^^Mi'^^PY^Y) — > HM^oviIy^^mS^K'^ .t^y^^y^) 

is an isomorphism. Since ko is a closed immersion, it is enough to prove that the 
induced morphism 

A;o*L/c*RJ^omy^^jv^($f,Py^y) — > A;o*R'^omyj,^jv^^(LA;*^, TTy^^yJ 

is an isomorphism. Consider the cartesian diagram 

Yq X Mo-^y XcM 



PY 



: >Y. 



24 ALEXANDER QUINTERO VELEZ 

We have A;o*vry^(— ) = Pyio*(^)- By the projection formula, we deduce that the 
first member is isomorphic to 

where the last step follows from the observation that ^ has finite homological 
dimension. The second member is isomorphic to 

Rjeom'y^^Mi^, ko^Tiy^G'Yo) 

by the adjoint property of LA;q and Ajq*. Thus, we have to prove that the natural 
morphism 

is an isomorphism. Then, it is enough to see that Pyio*'^yo — ko^.-Ky^ffy^. This 
follows from the isomorphisms 

HomD(yxcM)(<^',pUo*^yo) - HomD(y)(Rpy*f?', io*^yo) 

= HomD(yo)(LiioRpy*f^', ^Yo) 
= HomD(yo)(Rvryo*LA;o(f , ^yj 
= HomD(yoxMo)(LA;o^',7ryy^yJ 
= HomD(yxcAf)(^', ko-yy^^Yo) 

which hold for any object c^' in D(F Xc M) whose support is proper over Y 
(here we used the base change theorem for the above cartesian diagram; see [[T6l 
Sect. 1]). □ 

Before stating our next result, it will be convenient to provide the following 
piece of information. As we pointed out earlier, there exist a functorial isomor- 
phism TTy^j (— ) = TTy^ i^Yo ®^ t^Yq (~) ■ Using the fact that has finite homological 
dimension we obtain an isomorphism 

R^omy^,,,„(%-,4,(-)) = R^om^,,^,^(%-,4„^y„ ®^ 7r;.^,(-)) 

= R^omy„,^,^(%-,7r;-^^yJ ®^ 7r;-„(-). 

Thus, denoting J^' = R^omyg^j^^|^(%', vr^^^yg), we can rewrite $o as 

<l>o(-) = R7rMo*(^o' ®^ ^yo(- ® Po))- 
Combining these remarks with Lemma [84l we have the following. 

Lemma 8.5. There is a natural isomorphism of functors: 

Jo*$o(-) = $io*(-). 
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Proof. The argument is very similar to that used in the proof of Lemma [8^ We 
give it for the sake of completeness. To begin with, we observe that there is a 
natural isomorphism between the functors 

D(yo) ^ D^(Fo) ^ D^(F) 

and 

D(ro)^D(r)^D^(F). 
Invoking Lemma [841 and the projection formula, we obtain that 

j*/i;o*(^' ®^ vry^(- ® po)) 

^ j,(Rjromy^^^,(^,Py^y) ®^ ko,T^Y,{- ® Po)) 

= J,(Rjromy^^^,(^,Py^y) ®^ PyZo*(- ® Po)) 

= j,(R^omy^^^(^,py^y) ®^ Lj*7r;-zo*(- ® Po)) 
^ j,R^omy^^A^(^,Py^y) ®^ 7r;^io*(- ® Po)- 
On the other hand, by relative Grothendieck duality, we get 

{^,Py^y) = j*R^omyxcAf(^. J'Ti-y^y) 
= R^omy^^,(j;^,7ry^y) 
= R^omy^^,(^^»,7ry^y) 

= ^sH 

where we used the isomorphism TTy^y = ^yxmIit] which follows from the 
triviality of the canonical bundle lum- Hence 

3,ko,{jeo TT^^i- ® Po)) = ^^^[n] ®^ 7rYio*{- O Po)- 
Wrapping things up, we conclude that 

jo*'^'o(-) = jo*^T^Mo*{^0 ®^ 7ry^(- ® Po)) 

^ KnM*{io X Jo)*(^' ®^ 7r;-^(- ® Po)) 
= RTTMj^ko^i^o ®^ 7ryg(- ® Po)) 
^ R7rM*(^^M ®^ vr;.(zo*(-) ® Po)) 
= -^-^o^l-), 

as asserted. □ 

The following result is the goal we have been striving for throughout this whole 
section. 

Theorem 8.6. Under Assumption \8.1\ the functors $o <^nd define inverse 
equivalences between D(Fo) and D'-^(Mo). These equivalences induce equiv- 
alences $0 and ^0 between Dsg(lo) and Dgg(Mo). 
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Proof. Let us prove that the composition $0^0 is isomorphic to the identity func- 
tor on D'^(Mo). The composition in the different order is computed similarly. 
Consider an object <§' G D*^(Mo) and denote the cone of the adjunction mor- 
phism S'' — > ^o^I'o'^' by . Applying jo* yields an exact triangle 

Jo*^" > Jo* $0^0^- >3q*^- > Jo*^-[l] • 

Combining Lemma [83] and Lemma [8^ we get 

jo*$o^o(-) = $^o*^o(-) = $^Jo*(-). 

Hence, jo*^' is isomorphic to the cone of the morphism jo*<^' ^'^3^*^'' . 
Since $ is an equivalence and jo is a closed immersion, one obtains = 0. The 
conclusion is that the adjunction morphism S' ^q^!qS' is an isomorphism. 

We next show that the functors $0 and ^0 induce equivalences between Dsg(lo) 
and Dgg(Mo). Let us first make an observation. Let S" be a perfect com- 
plex on Yq X Mq and let us consider the object R7rjvf(,*(c^' ®^ S') in the de- 
rived category of coherent sheaves on Mq. We claim that R7rj\fo*(->^' ®^ 
is a perfect complex on Mq. To substantiate this claim, it suffices to verify that 
R.7rMo*(=>^' ®^ S') ®^ ^' is an object of D(Mo) for every in D(Mo) (see, 
e-g- [flVl Lemma 1.2]). But this follows at once from the projection formula for 
the morphism ttmq- Similarly, we check that R7ryo^,(^(; (g)^ (I'') is a perfect com- 
plex on Yq. The same situation prevails in the equivariant setting. 

Now, the functors t^yS~ ® Po) and vr^^^ are exact and take perfect complexes 
to perfect complexes. By what we have just seen, the functors R7rA/o*(J^" ®^ 
— ) and [R7ryQ*($fo' ^ ~)]'^ ^Iso preserve perfect complexes. Hence, owing to 
Lemma [3n we obtain a functor $o- Dsg(lo) Dgg(Mo) and this functor has 
the left adjoint vj/o: Dgg(Afo) Dsg(lo). As the composition $o\&o is iso- 
morphic to the identity functor, the composition $0^0 is also isomorphic to the 
identity functor on Dgg(Mo). A similar argument shows that the composition 

\l/o^o is isomorphic to the identity functor on Dsg(Fo)- The result then follows 
immediately. □ 

It seems appropriate to conclude by examining the implications of this result 
in the specific context of Section [2l Let G = Z„ be a cyclic group in SL(ri, C) 
acting on M = C" and let Y be the canonical crepant resolution of the quotient 
X = M/G. Explicitly we choose coordinates xi, . . . , x„ on M in terms of which 
the action of the generator in G is given by (xi, . . . , x„) ^ (exi, . . . , where 
e = exp(27ri/n) is a fixed nth root of unity. The space Y is the blow up of 
the unique singular point of X. It can be described explicitly as follows. Write 
P = p"-i for the projective space with homogeneous coordinates xi, . . . 
Then Y = tot(i?'p{—n)) is the total space of the line bundle ffp{—n) and the 
natural map r : F — > X is simply contracting the zero section. Let ^ C F x M 
denote the fiber product of Y and M over X. Then ^ can be identified with the 
total space ^ = tot(i^p(— 1)) and the map q: iF ^ M is again the contraction 
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of the zero section, this time to a smooth point -the origin G M. All this data 
can be conveniently organized in the commutative diagram 

2f >M 

TT 

Y ; >X 

where rj-.Y^P and (: ^ ^ P denote the natural projections and p: ^ ^ Y 
is the map of taking a quotient by G. Note that the group G acts on ^ by simply 
multiplying by e along the fibers of ^p(— 1) P and so the map p: ^ Y 
can also be viewed as the map raising into nth power along the fibers of the line 
bundle ^p(— 1). Conversely, we can view ^ as the canonical nth root cover of 
Y which is branched along the zero section Q C Y of r]. 

Now let / G C[a;i, . . . , x„] be a homogeneous polynomial of degree n. Then / 
can be viewed as a regular function on M with a critical point at the origin which 
is invariant with respect to the action of G on M. This way, we get a singular 
Landau-Ginzburg model (M, f) with an action of G. Let S be the hypersurface 
of degree n in P = P""i given by the homogeneous equation / = 0. Consider 
the associated affine cone over S, namely, the hypersurface Mq given in M = C" 
by exactly the same equation / = 0. It is evident that the singular fiber of the 
map / : M ^ C over the point G C is precisely Mq. Let g: F ^ C be defined 
as before, and let Yq denote the fiber of g over the point 0. Then Yq is a normal 
crossing variety with irreducible components Yq and Yq. One component Yq is 
isomorphic to the total space of the line bundle ^p{—n)\s over S. The second 
component Yq is isomorphic to Q. 

It is proved in [3, Proposition 2.40] that G-Hilb(M) is isomorphic to Y. More- 
over, the tautological bundles on G-Hilb(M) (see OTTl for the definition) are 
T]*ffp, r/*^p(l), . . . , r]*ffp{n - 1). It then follows from [4, Example 4.3] that $ is 
an equivalence of categories and we can apply Theorem 1 8. 6 1 to obtain Dsg(yo) = 
Dgg(Mo). We are now set to establish the claim made at the end of Section |2l 

Corollary 8.7. Let the context be as above. Then the category of D-branes in the 
Landau-Ginzburg model {Y.,g) is equivalent to the category of D-branes in the 
Landau-Ginzburg orbifold (M, /). 

Addendum. In a recent preprint P. Seidel [33] gave another example illustrating 
the use of Theorem 18 .61 in the context of Homological Mirror Symmetry. 

References 

[1] S. K. Ashok, E. Dell'Aquila, and D.-E. Diaconescu. Fractional branes in Landau-Ginzburg 

orbifolds. Adv. Theor. Math. Phys., 8(3):461-513, 2004. 
[2] S. K. Ashok, E. Dell'Aquila, D.-E. Diaconescu, and B. Florea. Obstructed D-branes in 

Landau-Ginzburg orbifolds. At/v. Theor. Math. Phys., 8(3):5 15-563, 2004. 




28 ALEXANDER QUINTERO VELEZ 

[3] M. Blume. McKay correspondence and G-Hilbert schemes. PhD dissertation, Universitat 
Tubingen, 2007. 

[4] T. Bridgeland. t-structures on some local Calabi-Yau varieties. J. Algebra, 289(2):453^83, 
2005. 

[5] T. Bridgeland, A. King, and M. Reid. The McKay correspondence as an equivalence of 

derived categories. J. Amer Math. Soc, 14(3):535-554 (electronic), 2001. 
[6] T. Bridgeland and A. Maciocia. Fourier-Mukai transforms for K3 and elliptic fibrations. J. 

Algebraic Geom., 1 1(4):629-657, 2002. 
[7] I. Brunner, M. R. Douglas, A. Lawrence, and C. Romelsberger. D-branes on the quintic. J. 

High Energy Phys., (8):Paper 15, 72, 2000. 
[8] A. Caldararu, J. Distler, S. Hellerman, T. Pantev, and E. Sharpe. Non-birational twisted 

derived equivalences in abelian GLSMs. http://arxiv.org/abs/0709.3855vl 
[9] J.-C. Chen. Flops and equivalences of derived categories for threefolds with only terminal 

Gorenstein singularities. J. Differential Geom., 61(2):227-261, 2002. 
[10] P. Deligne. Cohomologie a support propre et construction du foncteur /'. pages 404^21, 

1966. 

[11] L. Dixon, J. A. Harvey, C. Vafa, and E. Witten. Strings on orbifolds. Nuclear Phys. B, 
261(4):678-686, 1985. 

[12] D. Eisenbud. Homological algebra on a complete intersection, with an application to group 

representations. Trans. Amer Math. Soc, 260(l):35-64, 1980. 
[13] S. I. Gelfand and Y. I. Manin. Methods of homological algebra. Springer Monographs in 

Mathematics. Springer- Verlag, Berlin, second edition, 2003. 
[14] R. Hartshorne. Residues and duality. Lecture notes of a seminar on the work of A. 

Grothendieck, given at Harvard 1963/64. With an appendix by P. Deligne. Lecture Notes 

in Mathematics, No. 20. Springer- Verlag, Berlin, 1966. 
[15] M. Herbst, K. Hori, and D. Page. Phases of n = 2 theories in 1 + 1 dimensions with 

boundary, http://arxiv.org/abs/0803 .2045 
[16] D. Hernandez Ruiperez, A. C. Lopez Martin, and F. S. de Salas. Relative integral functors 

for singular fibrations and singular partners. http://arxiv.org/abs/math.AG/0610319 
[17] D. Hernandez Ruiperez, A. C. Lopez Martin, and F. S. de Salas. Fourier-Mukai transforms 

for Gorenstein schemes. Adv. Math., 21 1(2):594-620, 2007. 
[18] M. Kapranov and E. Vasserot. Kleinian singularities, derived categories and Hall algebras. 

Math. Ann., 316(3):565-576, 2000. 
[19] A. Kapustin and Y. Li. D-branes in Landau-Ginzburg models and algebraic geometry. J. 

High Energy Phys., (12):005, 44 pp. (electi-onic), 2003. 
[20] Y. Kawamata. Log crepant birational maps and derived categories. J. Math. Sci. Univ. Tokyo, 

12(2):21 1-231, 2005. 

[21] M. Kontsevich. Course on noncommutative geometry. ENS, 1998, lecture notes at 

|http://www.math.uch icago.edu/'mitya/langlands/kontsevich.ps. 
[22] J. Lipman. Notes on derived functors and grothendieck duality. Lecture notes at 

http: //www. math. purdue.edu/~ lipman/Duality.pdf. 
[23] T. Logvinenko. Derived McKay correspondence via pure-sheaf transforms. Math. Ann., 

341(1):137-167,2008. 

[24] J. McKay. Graphs, singularities, and finite groups. In The Santa Cruz Conference on Fi- 
nite Groups (Univ. California, Santa Cruz, Calif, 1979), volume 37 of Proc. Sympos. Pure 
Math., pages 183-186. Amer Math. Soc, Providence, R.I., 1980. 

[25] S. Mehrotra. Triangulated categories of singularities: matrix factorizations and LG-models. 
PhD dissertation. University of Pennsylvania, 2005. 

[26] D. Orlov. Derived categories of coherent sheaves and triangulated categories of singularities. 
http://arxiv.org /abs/math.AG/0503632 



MCKAY CORRESPONDENCE FOR LANDAU-GINZBURG MODELS 



29 



[27] D. Orlov. Triangulated categories of singularities and D-branes in Landau-Ginzburg models. 

http://arxiv.org/abs/math.AG/0302304 
[28] D. Ploog. Groups of autoequivalences of derived categories of smooth projective varieties. 

PhD thesis, Beriin, 2005. 
[29] D. Ploog. Equivariant autoequivalences for finite group actions. Adv. Math., 216(l):62-74, 

2007. 

[30] D. Quillen. Higher algebraic if-theory. I. In Algebraic K-theory, I: Higher K-theories 
(Proc. Conf, Battelle Memorial Inst, Seattle, Wash., 1972), pages 85-147. Lecture Notes 
in Math., Vol. 341. Springer, Berlin, 1973. 
[31] M. Reid. McKay correspondence, http://lanl.arxiv.org/abs/alg-geom/9702016 
[32] P. Sastry. Base change and Grothendieck duality for Cohen-Macaulay maps. Compos. Math. , 
140(3):729-777, 2004. 

[33] P. Seidel. Homological mirror symmetry for the genus two curve. 

|http://ai-xiv.org/abs/0812. 1171 
[34] R. W. Thomason and T. Trobaugh. Higher algebraic if -theory of schemes and of derived 

categories. In The Grothendieck Festschrift, Vol. Ill, volume 88 of Progr Math., pages 247- 

435. Birkhauser Boston, Boston, MA, 1990. 
E-mail address: quintero@math .uu.nl 

Mathematisch Instituut, Universiteit Utrecht, P.O. Box 80.010, NL-3508 TA 
Utrecht, Nederland 



